HEN I BEGAN TEACHING IN THE
late 1960s, we had no video-
tapes, commercial manipula-

o7 or calculators to create engaging
learning activities for students. I recall
spending a good part of my first year
. searching desperately for ways to motivate
- my seventh and eighth graders and help
~them learn mathematics. One activity that
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I stumbled across worked magically. I
thought, “This is a gem,” and I continue to
cherish it today. I call it the “function
game,” but my students and others have
called it the “input-output game,” “guess
my rule,” or the “computer game.” I under-
stand that the game first gained promi-
nence in the “new math” era, but it must
have been around in some form much
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earlier. Today, the game is available on many com-
puter systems and is popular with students and
teachers. The computer versions, however, lack
many dimensions of the live version. '

I have used this game throughout my career with
junior and senior high school students and, more re-
cently, with preservice and in-service teachers. I
find it to be flexible, engaging, and effective in teach-
ing many essential mathematics concepts. Every
time [ use it, [ continue to marvel at its power and
potential. I will dernonstrate how it works and share
ideas for using it to teach lots of mathematics.

The nules are simple. One person is the “computer”
and thinks of a rule, for example, “double the pumber
and add 1.” Classmates give “input” values, and the
“computer” gives the corresponding output for each.
These output values are recorded one at a time on a
table as shown in figures 1-9. The object of the game
is to guess the rule. When playing with a whole class,
we do not want to spoil the fun quickly, so I tell the stu-
dents that if they know the nule, they should not say it
aloud but just tell the “computer” that they know it
Then the “computer” gives an input value and the
plaver must give the output. If the answer is correct, it
wilt be recorded in the table and play continues. When
it becomes clear that most students know the rule, one
player is allowed to state it. Another student is then
chosen to be the next “computer.”

Benefits of the Game

THE GAME HAS MANY BENEFITS. BECAUSE IT 1S PRE-
dicated on a “secret rule,” students are intrigued
and motivated to play. Because it is simple and re-
guires no materials, it can be played at any time, for
example, as a warm-up or brief closing activity or as
part of the development of alesson. More important.
the game uses lots of mathematics. Even to deter-
mine simple rules. students must use mental mathe-
matics. Clearly, it requires problem solving that can
be very challenging, as shown subsequently. Play-
ing also promotes many opportunities for communi-
cation. Moreover, as its name suggests, it is a func-
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tion game and develops key ideas of algebra: vari-
able, expression, function, and modeling. Let us see
how some of these concepts are fostered.

Figures 1-9 show several games in action, Be-
fore reading on, {ry to guess the rules.

Discourse about Equivalent Expressions

ONE OF THE MAJOR RECOMMENDATIONS OF THE
NCTM’s Professional Standards for Teaching Mathe-
matics (1991) is for teachers to promote discourse
in mathematics classes. This game definitely af
fords opportunities for class discussions. For exam-
ple, wheun I use the rule in figure 1, I ask students
to state it in as many different ways as they can.
Some of their responses follow:

= “Double the number and take away two.”
= “Take twice the number, then minus two.”
» “Multiply by two, subtract two.”

‘This activity gives us an opportunity to recognize
that mathematical operations can be expressed in
many equivalent ways, which leads to one of the
major benefits of the game: the nat-
ural and meaningful introduction of

variables. Among the multiple ex-
pressions of this rule that students St“dents are

may suggest—or can be shown—Is intrigued

2n - 2, where # represents any num-

ber. This expression illustrates the by the |

efficiency of using symbols and,

when coupled with the earlier discus- Secret rUIe

sion of different expressions, shows
how the language of algebra can gen-
eralize arithmetic.

Another expression that sometimes surfaces for
the data in figure 1 is “take one less than the num-
ber, then double it.” If this answer is not suggested
by a student, I will say, “T once had someone teli it to
me like this. ...” As with the other rules, we discuss
it to see if it works. Depending on where students
are in their work with variables, this discussion can
serve as an excellent entrée to explore the equiva-
lence of 2% — 2 and (# - 1)2 or 2(n ~ 1). Figure 2
shows another exampie in which two seemingly dif-
ferent rules work: multiply the number by the next
number or square the number and add it to itself,
which algebraically is {2 + 1), or #° + n. These and
similar examples are opportunities for intreducing
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Output I
12
22
6
14
4
Input | Qutput
5 30
8 72
11 132
0 0
2 6
Fig. 2
Input | Output
2 8
5 5
12 -2
6 4
20 =10
Fiz. 3
Input | Output
7 0
i2 1
4 0
3 0
3 1
9 1
Fig 4
Input | Output
5
8 3
11 1
0 0
2 2
9 4
Pz 5

the concept of the distributive property in
rewriting algebraic expressions.

Figure 3 is also interesting. Some stu-
dents see it as “what vou need te add to get
ten,” whereas others see it as “ten minus
the number.” I call it “the tens comple-
ment.” Each new type of rule enlarges the
students’ repertoire of ideas with which to
challenge their classmates in future games.

Number Theory and Number Sense

NUMBER THEORY. AN IMPORTANT TOPIC IN
middle school mathematics, can be devel
oped nicely through this game. For exam-
ple, figure 4 shows a rule that sorts multi-
ples of 3; it outputs a 1 to say, “Yes, this
input is a multiple of three” and a 0 to say,
“No, this is not a multiple of three.” Obvi-
ously this rule can be extended to other
multiples. Figure 5 is usually a baffling
rule initially. Then, as they do with many
earier games, students get wise and decide
to give inputs in sequence to see better
what is happening. Often they will see the
pattern but may not be able o explain it
saving, “It goes zero, one, two, three, four,
zero, one, two, three, four, and so on.”
Sometimes it helps to ask them to think
about the numbers that produce zero.
Once they see that the rule can also be ex-
pressed as the remainder when the input is
divided by 5, their repertoire is again ex-
panded and they have been introduced to
modular arithmetic.

The rule in figure 6 can be tough unless
students have recently been working with
prime numbers. If they have, and i they
have seen other “sorfing machines” as in
figure 4, then someone usually figures out
that it is a prime sorting machine, produc-
ing a 1 for primes and a 0 for nonprimes.
Often students need more data than the set
shown. Of course, once this machine is in-
troduced, it can be reused later simply to
provide practice in recognizing primes.

Figure 7 illustrates a rule that chal
lenges students’ number sense. For each
input, the “computer” produces the whole-
number part of the square root of the num-
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ber. This rule combines the concept of square root
and what is sometimes called the “floor function™
or the “round down function.” Related rules that
can also be used are “round to the nearest” or
“round up,” which is sometimes called the “ceiling
function.”

The function gamme can aiso introduce notions of
domain and range, the acceptable input values of a
function and the resulting ocutputs, respectively.
For example, I have told students, “The next ma-
chine takes decimal values” or “This one accepts
fractions.” When they have done this activity a few
times, I introduce the term domain as the set of ac-
ceptabie inputs. Then I can sav such things as “The
domain of this function is improper fractions.” In
addition to introducing new vocabulary, these vari-
ants allow us to use more rules. For example, if the
domain is decimal numbers, good rules to use are
rounding, multiplying or dividing by 10s or 100s,
adding 20, and so on. If the domain is improper
fractions, good rules are renaming as a mixed num-
ber, rounding to the nearest whole number, adding
1, or doubling. In each instance, we continue to talk
about multiple ways to express the rule. In this way,
for example, students can see that multiplyving a
decimal by 10 and “moving the decimal point one
place to the right” are equivalent. Whereas some of
these rules might not challenge students for long in
the “guess my rule” aspect of the game, they do
offer engaging practice and mental mathematics.

Probably the most challenging rule 1 ever in-
vented for my eighth graders was the one shown in
figure 8. They had played the game many times
and were pretty good at if, but this rule kept them
going for a long, long time, After we had filled three
or four tables of values and no one had found the
rule, I said that if anyone gotit, he or she could sim-
ply state it. Interest was very high. Finally, from the
back corner of the room a young man volunteered
who rarely participated and whom the others per-
ceived as being a nonparticipant. “It's the next
prime number,” he announced. Students saw im-
mediately that his answer was correct. The class
was stunned. An audible silence was followed by
gasps, then by congratulations. I believe that every-

" one’s perception of the student was profoundly

changed in this instant. This experience was defi-
nitely a telling moment in my career. It confirmed
dramatically my belief that we never really know
the depth of our students.




Simplicity Made Complex

THE RULE IN FIGURE 9 ALSC HAS AN INTERESTING, BUT
more recent, story. I was doing a workshop with pre-
service elementary teachers. I had introduced the
game, and we had played several rounds together.
Then [ agsked them to take turns playing at their tables.
After a while, T asked each group to choose what it
thought was the most interesting rule and to play it with
the whole class. One student’s rule produced a table
ke the one in figure 9. I loved it. T had never before
dreamed of playing a.constant rule, and I thought that
this idea was simple, yet important. I was even more im-
pressed to see the student teacher take long pauses
after each input while she seemed to be calculating the
output, “What dramal” I thought, “She’s really playing it
up!” The class, too, was engrossed. At one point, a
player asked for the output for pl. The “computer” said
she would have to round it, wrote 3.14, and paused fora
really long time, then wrote 4 again.

After different students had said that they knew the
rule and had given correct outputs, I felt that it was
time to move on and asked for someone to state the
rule, which iIn my mind was simply “write four.” A stu-
dent said, “Subtract the number from itself and add
four.” I was surprised. As enamored as [ was of the no-
ficn of multiple rules, I really had not thought about
this one as a caleulation. Other students obiected.
One said, “No, my rule was ‘Multiply by zero then add
four” ” Then the “computer” said, “No, my rule was
‘Divide the number by itself and multiply by four.’ " I
realized then that her long pauses were not drama;
she was really calculating for each input! Rumblings
confinued. We began recording the various rules.
Many were like “double the number, divide by the
number, ther add two” or “add seven, subtract the
number, then subtract three.” I thought that surely, if
Iwaited long enough, someone would state my simple
version. No one did. Finally, 1 said, "I thought about it
another way. Whatever the input is, the output is
four.” Frowns appeared. They did not like this answer
at all. People thought that I was cheating! “You're sup-
posed to ‘'do’ something with the input.” they told me.
What [ learned was that in their perception of a “rule,”
“steps” or "procedures” rmust occur, In their estima-
don, arithmetic, not insights, vielded the only legal
moves. | realized that the noton of a constant rule,
like many other concepts in mathematics, is so simple
that it is challenging.

In rerospect, [ regretted that I had missed a golden

opportunity. Their nofions of working with
zeros and cnes and with steps that undid
themselves had offered an opportunity to help
them learn about identities and inverses. Alas,
not every teachable moment is captured!

Extensions and Variants

ANOTHER STRENGTH OF THE GAME IS THE
possibility of extensions and variants. Qne
major extension is to have students graph the
ordered pairs. Rules ike n+2, 2 + 5, and n--3
can be graphed and compared. They produce
points on paralle] lines, Rules like 272 + 1, 3x +
1, 1/2)n + 1, and —» + 1 produce points on
lines that all intersect the yaxis at 1. Rules like
n{n +1) or #° or n{n — 2) produce points on a
curve, specifically, a parabola. Such functions
grow more quickly than do those that pro-
duce lines. They afford excellent opportuni-
ties to introduce and contrast linear and qua-
dratic growth, although not necessarily in
those termns, and, in the case of lines, to intro-
duce concepts like slope and intercept. Also,
once students realize that graphs can help
them see the rules, graphs, too, become an-
other tool for playing the game.

As another extension, students can be
asked questions about what is or is not pos-
sible. For example, after playing the rule
“double the number and add 1,” ask stu-
dents, “If the domain is the set of integers,
can the computer produce twelve?” Rea-
soning questions like this one pave the way
for later work with proof.

Another variant of the game is to play in re-
verse. Say, “If you know the nie, Tl give you
the output and you give me the input” In other
words, the students are mverting the rule. Only
rules that have unique inputs for each output
will work, however. For example, any linear-
function: rule will work, but not rules involving
squares or rounding. This variant is an excel-
lent way to get students started with equation
solving. For example, if the nde is 2% + 1 and
the output is 13, to find the input they must sub-
tract the 1 then divide by 2 to get 6. Figure 10
lustrates the process with a diagram. This vari-
ant is a chance to talk about how we undo ex-
pressions in the opposite order in which we
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Input | Qutput
2 1
5 1
12 0
6 0
20 0
11 1
iz 6
Input | Qutput
2 1
5 2
12 3
8 2
20 4
36 6
Fig. 7
Input | Cutput
7 i1
12 i3
4 3
8 11
3 5]
9 11
Fig. 8
Input | Output
5 4
8 4
11 4
0 4
2 4
g 4
Fig. 9
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evaiuate them and how we use inverse op-
erations at each step.

The game can also be played with
two inputs, For example, with rational
numbers as the domain, rules could be
“pick the larger value,” “add,” or “aver-
age the two values.”

The game can also be connected to
geometry with diagrams and materials,
Both the elementary- and middlegrades
NCTM Addenda books on patterns,
FPatterns (Coburn et al. 1993) and Pat-
terns and Functions (Phillips et al. 1991),
respectively, contain several examples

SOLVE
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of geometric rules. Figure 11 shows

Zn+1=13 activiies adapted from the grades K6

Addenda book (Coburn et al. 1993).

Fig. 10 Ttem 1 in figure 11 is n{z + 1), which

2. Make Ls on grid paper. ]

1. Find the number of unit squares in the rectangles

!
i
L] | l
Term 1 2 3 4

Squares 2 6 12 ?

a} How many unit squares in the 8th term?
&) How many unit squares in the nth term?
¢) Is 81 a possible number of squares in some term in the

pattern? How do you know?

d} I you know the number of unit squares in the nth term,

how can you find the number of squares in the next term?

HiENI|ENNIEEEN

Term 1 2 3 4
Squares 1 3 5 7

a) Extend the pattern. Find expressions for the »th term.
b) Make a new pattern: Combine the first two figures, then the

first three, then the first four, and so on. What new shapes
do you get? How many squares? Describe the pattern.

Fiz. 11 Pattermn and activities with grid paper {adapted from Coburm et al. [1993])
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was mentioned earlier. Item 2 lustrates “double the
previous terrn number and add 17 or “the sum of the
term number and the previous term number.” This
item gives another chance to show equivaience, this
tme of 2w — 1) + 1 and » + {n — 1). All students bene-
fit from visualizing algebraic expressions geometri-
cally; this experience may be particularly immportant
for students who learn better visually. The grades
5~8 Addenda book (Phillips et al. 1991) presents
other excellent examples of geometric-patterning
activities. Anno (1989}, in his “Magic Machine” chap-
ter, also offers appealing nonnumerical visual images
of the function idea that can be used with voung as
well as middle-grades children.

The game can also help build an essential idea for
probability: random numbers. This version requires
a calculator. Most calculator random-number gener-
ators produce a random number between ¢ and 1.
One way to play this “rule” for any input is to give the
first digit in the decimal dispiay of a random number.
(Other ways would be to give the first two digits, and
so on. In any example, the “pattern” that students
need to recognize is the absence of a pattern. The
output is unpredictable. This variant illustrates an-
other simple, yet important, mathematical idea.

Conclusion

THE FUNCTION GAME OFFERS MANY OPPORTUNITIES
to introduce, develop, practice, extend, communj-
cate about, and connect mathematical ideas. Stu-
dents of all ages enjoy playing and learning with it.
Readers are invited to try the function game with
their students and explore its remarkable potential.
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